We investigate the following problem. Given a positive integer N , does there exist a quadratic function f (x) = ax 2 + bx + c in Z[x] that is not identically square, and which takes square values for N consecutive values of x? Examples with N = 8 are known (Allison [1]), where the quadratic has an axis of symmetry midway between two integers; and all such examples may be described in terms of the points on an elliptic curve of rational rank 1. When the quadratic fails this symmetry condition, then examples only with N = 7 are known; see Allison [2], who by computer search discovers two such examples. In this note, we pursue two approaches, constructing thirteen new examples (given at (27)- (31), (49)- (56)), some with quite large coefficients, for example
Consider second the case that the quadratic has an axis of symmetry halfway between two integers. Suppose N ≥ 6. By translation, there is no loss of generality in supposing that a + b = 0, and
Then (a, b, c) =
, l 2 , and 3k 2 − 2l 2 = m 2 . Now f (−3) = f (4) = 6k 2 − 5l 2 , so that N ≥ 8 demands
This latter is the equation of an elliptic curve, with a cubic model If we seek solutions with N ≥ 10, then f (−4) = f (5) = 10k 2 − 9l 2 , so that
This latter defines a curve of genus 5, so possesses only finitely many rational points. It seems plausible that these are given by precisely (±k, ±l) = (1, 1), (3, 1) (corresponding to the quadratic being a perfect square), but we are unable to show this. It seems likely that no non-square f (x) exists with half-integer symmetry in the case N = 10.
3.
The more interesting case is where f (x) does not display either of the above symmetries. Suppose N ≥ 7. Without loss of generality, suppose that 
The condition that the corresponding quadratic f (x) is not a perfect square is that (r + 2s + t)(r + 2s − t)(r − 2s + t)(r − 2s − t) = 0.
The symmetry (3) corresponds to replacing b by −b, so henceforth, numerical solutions of (3) will be assumed to satisfy p ≤ v.
Allison [2] ran a computer search and found two solutions (up to symmetry) to the equations (3). These solutions, f (x) = 37569x 2 + 24738x + 12769, (6) which have the property that they are square for the values of x = −3, . . . , 3.
Originally, we hoped to find infinitely many examples in this case for N = 7, by exhibiting a parametrized curve on the surface represented by the equations at (3), but we were unable to do so. Such a curve induces a parametrized curve on the variety, also a surface,
and it is with this latter surface that we continue the investigation. Its points correspond to quadratics f (x) with N = 6, and by finding curves on the surface V , we are able to give infinitely many such quadratics. Satisfying the fourth equation at (3) demands finding rational points on curves of genus greater than 1, and our parametrizations of (7) lead in this way to several new quadratics where N = 7.
The variety V is the intersection of three quadrics in P 5 , and is nonsingular. Accordingly V is a K3 surface. It contains the 32 straight lines shown in Table 1 . 2 : −p = 3r + 2s, q = 2r + s, t = r + 2s, u = 2r + 3s
3 : p = 3r + 2s, −q = 2r + s, t = r + 2s, u = 2r + 3s
4 : −p = 3r + 2s, −q = 2r + s, t = r + 2s, u = 2r + 3s
5 : p = 3r + 2s, q = 2r + s, −t = r + 2s, u = 2r + 3s
6 : −p = 3r + 2s, q = 2r + s, −t = r + 2s, u = 2r + 3s
7 : p = 3r + 2s, −q = 2r + s, −t = r + 2s, u = 2r + 3s
8 : −p = 3r + 2s, −q = 2r + s, −t = r + 2s, u = 2r + 3s
9 : p = 3r + 2s, q = 2r + s, t = r + 2s, −u = 2r + 3s
10 : −p = 3r + 2s, q = 2r + s, t = r + 2s, −u = 2r + 3s
11 : p = 3r + 2s, −q = 2r + s, t = r + 2s, −u = 2r + 3s
12 : −p = 3r + 2s, −q = 2r + s, t = r + 2s, −u = 2r + 3s 13 : p = 3r + 2s, q = 2r + s, −t = r + 2s, −u = 2r + 3s
14 : −p = 3r + 2s, q = 2r + s, −t = r + 2s, −u = 2r + 3s
15 : p = 3r + 2s, −q = 2r + s, −t = r + 2s, −u = 2r + 3s
16 : −p = 3r + 2s, −q = 2r + s, −t = r + 2s, −u = 2r + 3s
A point on any line corresponds to f (x) being a perfect square. Further, V contains the eight conics
A point on a conic corresponds to f (x) having an axis of symmetry halfway between two integers, which case has already been discussed. Consider the intersection of V with the family of hyperplanes
On V we have u 2 − p 2 = −5(r 2 − s 2 ), so that on the intersection
with
) (whose locus as λ varies is the straight line 19 ), so that E λ is an elliptic curve over Q(λ). For finitely many values of λ the curve can acquire singularities or even split. The singular elements of the pencil occur at the following values of λ, with the corresponding Kodaira classification:
. Indeed there are the following decompositions:
A cubic model for E λ is given by
and this is a base-change, given by µ = λ 2 , of the elliptic curve over Q(µ)
This latter equation defines a rational elliptic surface, and it is known from results of Shioda (see Shioda [12] ) that the C(µ) group of points on F µ is generated by those points in which the S-coordinate is a polynomial in µ of degree at most 2. A straightforward machine computation discovers that there are precisely twelve such points (including the point at infinity), and that F µ (C(µ)) is of rank 2 and generated by
of infinite order, and (0, 0) of order 2.
However, to compute the Néron-Severi rank of V , equivalently of the K3 surface defined by E λ (and to compute the associated generators of E λ (C(λ))), is harder.
To find a set of generators for NS(V, C) over Z, we use ideas of Swinnerton-Dyer [13] , to which article the reader is referred for full details (see also Bremner [3] - [5] for other application of these methods). The group NS(V, C) is spanned over Z by (a) any non-singular fibre of the pencil E λ , (b) the locus of the point O λ , (c) the components of the singular fibres in the pencil E λ , (d) the loci of the generators of the group E λ (C(λ)).
For (b), we have seen that the locus of O λ is the line 19 . For (c), the components are listed at (13) . This provides 16 independent elements of NS(V, C). Since the rank of NS(V, C) is at most 20, it follows that the rank of the group E λ (C(λ)) is at most 4. Now the curve F µ has torsion group generated by (0, 0), and this point is divisible by 2 on E λ , with the torsion group of E λ of order 4 generated by
The points Q 1 , Q 2 of F µ correspond to the following (independent) points of E λ :
thereby generating a subgroup of E λ (C(λ)) of rank 2, and contributing to a subgroup of NS(V, C) of rank 18.
In fact, the rank of E λ (C(λ)) is indeed exactly 2, and this can be shown by techniques developed by Jasper Scholten [10] . I am most grateful to him for undertaking the relevant computation in this example.
The idea is to consider primes p for which V has good reduction. The reduced surface V has Néron-Severi rank at least equal to that of V ; so if such a prime p can be found with the Néron-Severi rank of V equal to 18, then necessarily the rank of NS(V, C) is equal to 18. Consider the -adic cohomology group H 2 (V Q , Q ) for some prime = p. Let Fr p be the Frobenius morphism at p, which acts linearly on the group. By a conjecture of Tate, proved for K3 surfaces over a finite field, the Néron-Severi rank of V equals the number of eigenvalues of Fr p which are p times a root of unity. And the latter can be computed by counting points on the surface over various finite fields (in this example, over F p and F p 2 ), and using the Lefschetz trace formula. For our example, the smallest primes of good reduction are 11 and 13. At p = 11, the characteristic polynomial of Frobenius is computed as (x − 11) 18 (x + 11) 2 (x 2 − 6x + 121), which tells us that the 11-adic Néron-Severi rank of V is 20, not sufficient for our purposes. However, at p = 13, the characteristic polynomial of Frobenius equals (x − 13) 18 (x 4 + 14x 3 + 208x 2 + 2366x + 28561), implying that the 13-adic Néron-Severi rank is indeed equal to 18.
Knowing that the rank is 2, it follows that the subgroup G generated by P 1 and P 2 is of finite index in the full group of points modulo torsion. The height pairing matrix of P 1 , P 2 (see, for instance, Kuwata [9] ) is readily calculated to equal
, of determinant 1/4; and so from Kuwata (ibid.), it follows that if G is a proper subgroup of E λ (C(λ)) modulo torsion, then 2 divides the index of G in E λ (C(λ)). Accordingly, at least one of the points P 1 , P 2 , P 1 + P 2 (up to torsion) is divisible by 2 in E λ (C(λ)). But this is easily shown not to be the case, so that P 1 and P 2 are in fact generators for E λ (C(λ)) modulo torsion. As a corollary,
The mapping between E λ and E λ sets up the following correspondences:
and the locus of P 1 as λ varies is the line 28 , that of P 2 the line 11 , and that of T the line 32 . Accordingly, the following divisors span NS(V, C) over Z: . This is now in a form suitable for machine computation. Given the degree and self-intersection number of Γ , it is possible to tabulate the finitely many sets of integers m 1 , . . . , m 18 that are solutions of (21). In addition, since we are only interested in irreducible curves Γ , further restrictions are imposed on the m i by insisting that Γ have non-negative intersection number with every known curve lying on the surface. In this manner, it is computed first that the only irreducible rational curves on V of degrees 1 and 2 are the known lines and conics. There are no irreducible cubics of genus 0, and, up to symmetry, precisely four irreducible quartics of genus 0. In similar vein, (24) gives a point on (3) provided 
The curve (26) gives a point on (3) provided In like manner, we find that up to symmetry, there are 10 quintics of genus 0. One such is provided by the divisor 1 + 3 + 5 − 10 + 21 + 22 + 30 with parametrization p : q : r : s : t : u = 285a
For the corresponding v to be rational, we seek points on the curve of genus 4 
4.
As an alternative approach to the problem of discovering points on (3), we recall that the intersection of two quadrics in P 4 is a Del Pezzo surface, and birationally equivalent to the plane. We represent the intersection of two quadrics at (3) upon the plane as follows. In the equations (3) put
and there results
The first and fourth quadrics intersect where
with mapping from (42) to (40) given by
Note that the symmetry β → −β taking (41) to (40) implies that (41) is also a quartic cover of the same elliptic curve (42), with corresponding mapping obtained from (43).
Accordingly, to find B : G simultaneously satisfying (41) and (40), we seek two points (S 1 , T 1 ), (S 2 , T 2 ) on the curve (42) with corresponding values of B, G equal, that is,
To deal with the case where the denominator of the left hand side of (44) is zero, we observe the following identity on the curve (42):
If the denominator of the left hand side of (44) is zero, then
with corresponding T 1 given by
With the lower sign, the left hand side of (44) takes the value 1 : 0; and with the upper sign, using (45), it takes the value
Now B : G = 1 : 0 certainly provides a point on both (40) and (41), but leads to the trivial form f (x) = (x − β) 2 
A search procedure can be instituted, where first, for given β (and it is only necessary to consider β > 0), as many independent points as possible are found on (42). Both Connell's Apecs [7] and Cremona's mwrank [8] programs were invaluable for this purpose, and oftentimes with luck we were able to compute the exact value of the rank, and even on occasion an actual basis for the group of rational points. (It perhaps should be noted that the Q(β)-rank of (42) is 3, and over the range we considered, given by numerator(β) + denominator(β) ≤ 100, the maximum rank found was 7, on nine occasions). Second, letting the point (S 1 , T 1 ) run through small linear combinations of the known points (in practice, we allowed the coefficients of the linear combinations to be at most 2 in absolute value) the condition (48) is now a linear relation connecting S 2 , T 2 on the curve (42). The coefficient of T 2 is −(β −2)(15β 2 (β 2 −1)(β 2 −9)+(β +2) 2 S 1 ), which by our assumption on the non-vanishing of the denominator at (44) is non-zero. Hence T 2 is determined in terms of S 2 , in turn determining (S 2 , T 2 ), which may or may not be rational of course.
In this way, the following additional solutions to (3) were discovered, in the range numerator(β) + denominator(β) ≤ 100. The given ranks of (42) are unconditionally correct. 
